We explore the topology of real Lagrangian submanifolds in a toric symplectic manifold which come from involutive symmetries on its moment polytope. We establish a real analog of the Delzant construction for those real Lagrangians, which says that their diffeomorphism type is determined by combinatorial data. As an application, we realize all possible diffeomorphism types of connected real Lagrangians in toric symplectic del Pezzo surfaces.
Introduction
A diffeomorphism R on a symplectic manifold is called an antisymplectic involution if it is an involution, R˝R " id, and if it is antisymplectic, R˚ω "´ω. Fixed point sets of antisymplectic involutions are either empty or Lagrangian. A Lagrangian L Ă M is called real if it is the fixed point set of an antisymplectic involution. We restrict ourselves to the study of real Lagrangians in toric symplectic manifolds.
A symplectic manifold pM, ωq of dimension 2n is called toric if it is equipped with an effective Hamiltonian action of the torus T n . Complex projective space CP n is a typical example. A classical result by Atiyah-Guillemin-Sternberg [2, 15] states that the image of the moment map µ of a Hamiltonian torus action is a convex polytope ∆ Ă LiepT n q˚" pt n q˚, called the moment polytope. In the case of CP n the moment polytope is the n-simplex. Toric manifolds are classified up to equivariant symplectomorphisms by their moment polytope. This was proved by Delzant [8] , who starts out with a given polytope satisfying certain properties (called Delzant polytope) and gives an explicit description of M as a symplectic quotient of a symplectic vector space. For details on the Delzant construction, see Section 3.2.
Let S ∆ denote the group of lattice-preserving automorphisms of pt n q˚which leave ∆ invariant. We construct antisymplectic involutions from symmetries of the moment polytope.
Theorem A. Let pM, ωq be a toric symplectic manifold with moment map µ and moment polytope ∆. Furthermore, let σ P S ∆ be an involution of ∆. Then σ lifts to an antisymplectic involution R σ of M ,
The antisymplectic involution R σ we construct is not unique with respect to the property p1.1q. Henceforth, we will refer to it as the standard antisymplectic lift of σ. The most basic example for Theorem A is the following one. Let pS 2 , ωq be the two-sphere equipped with its area form. The toric structure is given by rotation around a fixed axis and the corresponding moment map is given by projection onto that axis, see Figure 1 . Therefore ∆ can be identified with a segment in R. Let σ be the only non-trivial involution on ∆ given by the flip around the mid-point of the segment. The corresponding antisymplectic involution on S 2 is given by the flip fixing the equator. Even for general toric symplectic manifolds M , there is a particularly simple way of understanding the involutions R σ in Theorem A if we restrict our attention to the open and dense subset µ´1p∆q formed by the pre-image of the interior of ∆. In fact, µ´1p∆q is equivariantly symplectomorphic to T nˆ∆ , when we equip the latter space with the natural T n -action and the symplectic form coming from the inclusion T nˆ∆ Ă T˚T n -T nˆp t n q˚. Under this identification, the moment map corresponds to the natural projection T nˆ∆ Ñ∆. We observe (1) For any lattice preserving involution σ on the moment polytope, the map pσ T q´1ˆσ defines a symplectomorphism on T nˆ∆ . The transpose σ T : t n Ñ t n is well-defined on T n , since it preserves the lattice. Hence we obtain a symplectic involution on T nˆ∆ . (2) There is a natural antisymplectic involution R 0 on T nˆ∆ given by taking the group inverse on the T n -component. The involution R 0 preserves the fibres of T nˆ∆ Ñ∆. The desired antisymplectic involution R σ is obtained by composing the maps obtained in the two observations. Since they commute, the resulting diffeomorphism will indeed be an involution. The main problem with this heuristic argument is extending everything to the singular fibres over B∆. In Section 4 we thus stick to the more conventional approach via Delzant's point of view on toric manifolds. As we shall see, this approach also has the merit of providing a method to understand the fixed point set of R σ .
In the special case where σ " id, we obtain an antisymplectic involution R 0 which leaves the moment map invariant µ˝R 0 " µ. This involution is widely known in toric geometry, where it corresponds to complex conjugation. Its fixed point set Fix R 0 is the real locus of the toric variety, in the case of CP n it corresponds to RP n . Duistermaat [10] studied more general real Lagrangians L " Fix R in Hamiltonian T k -spaces pM, ω, µq for any k ď n, which arise as the fixed point set of involutions leaving the moment map invariant, µ˝R " µ. He proved that real Lagrangians of this type are tight and have a convex image under the moment map. Tightness of the real Lagrangian L means that for any ξ P t n the restriction H ξ | L of the Hamiltonian function H ξ " xµ, ξy is tight in the sense that the sum of the Betti numbers of L and the one of the critical set of H ξ | L coincide.
Another class of interesting Lagrangians are regular fibres µ´1pxq Ă M of the toric moment maps. Entov-Poterovich [11] studied the rigidity of intersections of Lagrangian fibres, namely that the barycentric fibre in a closed monotone symplectic manifold cannot be displaced by a Hamiltonian isotopy. See also results of Fukaya-Oh-Ohta-Ono [13] . Theorem A shows that the toric fibre µ´1p0q is real whenever the moment polytope is invariant under the central symmetry σ "´id. Indeed, we will see that Fix R σ ‰ ∅, and since 0 P pt n q˚is the only fixed point of´id, the fixed point set of R´i d is the entire fibre µ´1p0q for dimensional reasons. Under some additional assumptions on M , one can show that µ´1p0q being real is a sufficient condition for ∆ to be invariant under´id. We refer to [5] for details. In a sense, the two classical situations R " id and R "´id are opposite to each other and all other R σ which we obtain from Theorem A are intermediate cases.
The remainder of the paper is dedicated to a topological study of the fixed point sets of the involutions R σ . The main result in this direction is the so-called real Delzant construction, which states that the diffeomorphism type of L " FixpR σ q is completely determined by the moment polytope ∆ and the involution σ P S ∆ .
We briefly explain relevant notions in the classical Delzant construction, see Section 3.2 for details. The moment polytope ∆ with k facets yields the moment map ν : C k ÝÑ k˚, where k " LiepKq is the Lie algebra of the kernel K of the characteristic map π : T k Ñ T n . By the Marsden-Weinstein theorem, we can reconstruct the toric symplectic manifold, M -ν´1p0q{K. In a similar vein, we will define a real analog of the maps ν and π, namely π R : Fixpρ T k q ÝÑ FixpR T n q the real characteristic map, and
where k R Ă k is the Lie algebra of the kernel K R " ker π R . Here ρ and ρ T k are involutions on C k and T k , respectively, determined by the involution σ P S ∆ . See Section 5 for details.
The main result of the paper is the following real Delzant construction.
Theorem B. Let pM, ω, µq be a toric symplectic manifold and let R σ be the standard antisymplectic involution of M given by the lift of an involution σ P S ∆ . Then the real Lagrangian L " FixpR σ q is diffeomorphic to ν´1 R p0q{K R .
As a partial generalization of Duistermaat's result, we prove convexity and tightness for the real Lagrangians L " FixpR σ q.
Theorem C. Let pM, ω, µq be a toric symplectic manifold with moment polytope ∆ and let R σ be the standard antisymplectic involution of M given by the lift of an involution σ P S ∆ . Then µpLq " Fixpσq is convex, and for any ξ P t n we have dim H˚pL;
where H ξ is the smooth function xµ, ξy on M and CritpH ξ | L q denotes the set of critical points of H ξ | L .
In particular, both Theorem B and C imply that L " FixpR σ q is not empty. Example 6.3 shows that the tightness and the convexity, in general, fail if the real Lagrangian is not of the form Fix R σ .
As an application, we show that the class of real Lagrangians that come from involutive symmetries of moment polytopes provides a starting point for the classification of real Lagrangians in toric symplectic del Pezzo surfaces.
Recall that the symplectic del Pezzo surfaces Q " S 2ˆS2 and X k " CP 2 #kCP 2 for 0 ď k ď 3 are monotone and toric. Being monotone means that their first Chern class is positively proportional to the cohomology class of the symplectic form, see Section 7. Using Smith theory, the Arnold lemma, and homological obstructions for Lagrangians, we show that any real Lagrangian L in a toric symplectic del Pezzo surface M must be diffeomorphic to one of cases listed in Table 1 . We then realize all of these possible cases as fixed point sets of lifted antisymplectic involutions R σ . The real Delzant construction will be used to determine their diffeomorphism types. We refer to Section 7 for details.
Theorem D. Let L be a connected real Lagrangian submanifold of a toric symplectic del Pezzo surface M . Then L is diffeomorphic to one of the surfaces in Table 1 , and each of these diffeomorphism types is realized as the fixed point set Fix R σ of an antisymplectic involution from Theorem A. Table 1 . The diffeomorphism types of connected real Lagrangians in toric symplectic del Pezzo surfaces.
Task. Classify connected real Lagrangians in toric symplectic del Pezzo surfaces up to Hamiltonian isotopy.
For fixed diffeomorphism type of the real Lagrangian, uniqueness up to Hamiltonian isotopy is known for S 2 in S 2ˆS2 and X 3 by [17] and [12] , and for RP 2 in X 0 by [19] . Indeed, every real Lagrangian in a monotone symplectic manifold is monotone and there are no exotic monotone submanifolds in these cases.
Question. Is every connected real Lagrangian with fixed diffeomorphism type in toric del Pezzo surfaces unique up to Hamiltonian isotopy?
Since S 2ˆS2 and X 3 admit infinitely many exotic monotone Lagrangian tori [23] , a positive answer to this question would crucially depend on the submanifold being real.
Basic geometry
We refer to [22] , [3] and [21, Chapter 5] for (real) symplectic geometry and Hamiltonian torus actions.
2.1. Basics. Let pM, ωq be a symplectic manifold and let the n-torus T n act on M by symplectomorphisms. We denote this action by pt, pq Þ Ñ t.p for p P M and t P T n and the corresponding Lie algebra by t n " LiepT n q. The associated infinitesimal action t n Ñ ΓpT M q is defined by
A symplectic T n -action on a symplectic manifold M is called Hamiltonian if there exists a smooth map µ : M Ñ pt n q˚such that 1) for each ξ P t n we have dxµ, ξy " ι X ξ ω, where x¨,¨y denotes the natural pairing between t n and pt n q˚, 2) the map µ is invariant under the T n -action, i.e. µpt.pq " µppq for all t P T n and p P M .
The map µ is called a moment map of the Hamiltonian T n -action.
Definition 2.1. A triple pM, ω, µq is called a Hamiltonian T n -space if pM, ωq is a symplectic manifold equipped with a Hamiltonian T n -action and µ : M Ñ pt n qi s a moment map associated to the action.
The equation dxµ, ξy " ι X ξ ω means that the Hamiltonian flow of xµ, ξy P C 8 pM q at time t corresponds to the action of expptξq on M . Furthermore, this equation can be used to prove the following geometric properties of the moment map pker dµ| p q ω " T p pT n pq,
A classical result by Atiyah-Guillemin-Sternberg states that the image of µ is a convex polytope in pt n q˚, called the moment polytope. Remark 2.2. As for Hamiltonians in general, adding a constant vector to the moment map does not change the group action it generates. We choose the normalization ş M µω n " 0 P pt n q˚for compact M unless otherwise stated. The standard lattice t n Z is defined as the kernel of the exponential map exp : t n Ñ T n . Furthermore, the group formed by the automorphisms of t n which preserve the standard lattice will be denoted by Aut Z t n . The dual of the standard lattice is defined by pt n Z q˚" tη P t˚| xη, xy P Z for all x P t n Z u. The corresponding group Aut Z pt n q˚is defined similarly.
Remark 2.3. Since T nt n {t n Z , any element α P Aut Z t n induces a group automorphism A of T n . Conversely, for any group automorphism A of T n , its differential A˚belongs to Aut Z t n .
Recall that for a given Hamiltonian T n -space, one can perform symplectic reduction on certain level sets of the moment map in order to obtain a new symplectic manifold. See [6] for details. Proposition 2.4. Let pM, ω, µq be a Hamiltonian T n -space and 0 P pt n q˚a regular value of µ such that T n acts freely on the corresponding level set µ´1p0q. Then the quotient
x M " µ´1p0q{T n carries a unique symplectic structure p ω such that ι˚ω " p˚p ω
where ι : µ´1p0q ãÑ M is the natural inclusion and p : µ´1p0q ։ x M is the natural projection.
The space p x M , p ωq is called symplectic quotient or Marsden-Weinstein quotient at the level 0. This construction is best summarized by the reduction diagram µ´1p0q, ι˚ω " p˚p ω˘pM, ωq p x M , p ωq.
ι {T n p 2.2. Compatible maps. Let pM, ω, µq be a Hamiltonian T n -space. We will define a notion of compatibility between the torus action and a given diffeomorphism ϕ of M which either preserves or reverses the symplectic form, i.e. which is either symplectic or antisymplectic. In order to treat both cases simultaneously, we attach a sign εpϕq P t´1, 1u to the diffeomorphism ϕ such that ϕ˚ω " εpϕqω. Proposition 2.5. Let ϕ be a diffeomorphism of a Hamiltonian T n -space pM, ω, µq satisfying ϕ˚ω " εpϕqω for εpϕq P t´1, 1u. Then the following are equivalent.
1) There is a group automorphism τ : T n Ñ T n such that
2) There is a map σ P Aut Z pt n q˚such that (2.5) µ˝ϕ " σ˝µ;
3) There is a map α P Aut Z t n such that
Furthermore, if the statements are true, then the above maps are related by
Proof. First suppose that εpϕq " 1. We will show that both 1q and 2q are equivalent to the infinitesimal condition 3q.
Since the exponential map of T n is surjective, 1q is equivalent to ϕpexp sξ.pq " τ pexp sξq.ϕppq, p P M, ξ P t n .
Differentiating with respect to s and rearranging terms, we obtain ϕ´1 pX ξ q ϕppq " pX τ´1 ξ q p , p P M, ξ P t n .
The equivalence of 1q and 3q follows by defining, with the help of Remark 2.3, α :" τ´1 P Aut Z t n and conversely by defining τ as the automorphism obtained by lifting α´1 to T n . In order to prove the equivalence of 2q and 3q, recall that given a Hamiltonian H, its vector field X H transforms under a symplectomorphism ϕ to the Hamiltonian vector field X H˝ϕ " ϕ´1 pX H˝ϕ q. Since X ξ is the vector field corresponding to the Hamiltonian function H " xµ, ξy, identity (2.6) can be rewritten as
The case εpϕq "´1 can be proved similarly. The only notable difference is the fact that if ϕ is antisymplectic, then the Hamiltonian vector fields transform as follows,
This accounts precisely for the additional minus sign in equation (2.7). l Remark 2.6. In the antisymplectic case, we will mostly work with involutions, i.e. diffeomorphisms R : M Ñ M satisfying R˚ω "´ω and R 2 " id. In this case, the maps τ , α and σ are involutions as well.
Definition 2.7. An (anti-)symplectic diffeomorphism ϕ on a Hamiltonian T n -space pM, ω, µq is called compatible if one of the equivalent conditions in Proposition 2.5 holds.
Remark 2.8. This compatibility condition is a special case of the notion of real Hamiltonian G-manifold given in [22] , which contains many examples. These ideas go back to Duistermaat's work [10] , who considered the case where τ ptq " t´1.
In case the Hamiltonian T n -space admits symplectic reduction, a given compatible (anti-)symplectic map yields an (anti-)symplectic map on the symplectic quotient.
Proposition 2.9. Let ϕ be a compatible diffeomorphism on a Hamiltonian T nspace pM, ω, µq satisfying ϕ˚ω " εpϕqω for εpϕq P t´1, 1u. Furthermore, suppose that M admits symplectic reduction at the level 0 P pt n q˚. Then ϕ induces a diffeomorphism p ϕ :
x M Ñ x M on the symplectic quotient satisfying p ϕ˚p ω " εpϕqp ω such that the following diagram commutes,
Proof. The diffeomorphism ϕ preserves the level set µ´1p0q, as can be read off from (2.5). Furthermore, the restriction ϕ| µ´1p0q descends to x M by equation (2.4) to yield a diffeomorphism p ϕ. Since p ω is defined by ι˚ω " p˚p ω, we can compute
Since p is a surjective submersion, this implies that p ϕ˚p ω " εpϕqp ω. l
Toric symplectic manifolds
We refer to [3] , [6] , [8] , [14] or [20] for details on toric symplectic manifolds and the Delzant construction.
3.1. Basics. Toric symplectic manifolds are a special case of Hamiltonian T nspaces.
Definition 3.1. A Hamiltonian T n -space pM, ω, µq is called toric if n " 1 2 dim M and the action is effective.
In the case of toric symplectic manifolds the moment map is a quotient map for the torus action, and our choice of normalization in Remark 2.2 implies that the barycentre of its moment polytope ∆ lies at 0 P pt n q˚. Furthermore, by a classical result of Delzant, ∆ " µpM q takes a particular form and is, in fact, a sufficient datum to reconstruct pM, ω, µq along with its T n -action up to equivariant symplectomorphisms. We will recall Delzant's result and some of the facts surrounding it, since these will be used later on.
Let ∆ Ă pt n q˚be a rational polytope with respect to the standard lattice pt n Z qb ounded by k hyperplanes. A lattice vector v P t n Z is called primitive if it cannot be written as a non-trivial integer multiple of another lattice vector. Equivalently, a primitive vector is the first intersection of the line it spans with the standard lattice. We can describe ∆ in terms of primitive vectors v i P t n Z and a set of numbers κ i P R,
After identifying t n and pt n q˚with R n by the choice of a basis, the vectors v i correspond to outward pointing primitive normal vectors to the facets. The constants κ i measure the affine distance of the facets to the origin. Details can be found in [20] .
The Delzant construction.
Definition 3.2. A rational polytope ∆ Ă pt n q˚is called Delzant if each of its vertices is formed by the intersection of n hyperplanes whose primitive normal vectors form a Z-basis of t n Z . Remark 3.3. If we identify t n Z with Z n , the Delzant condition on polytopes is equivalent to requiring that the set of primitive normal vectors at any given vertex can be mapped to the standard basis te 1 , ..., e n u Ă Z n by an element of GLpn, Zq. Furthermore, Delzant gave an explicit construction of the toric symplectic manifold pM, ω, µq, starting from a given Delzant polytope ∆ " tη P pt n q˚| xη, v i y ď κ i u such that µpM q " ∆. The desired manifold M is obtained as a symplectic quotient of pC k , ω 0 q. Since we will heavily rely on the details of this construction, it will be recalled here. Details can be found in the original paper [8] , or in [6] and [14] .
Let ∆ Ă pt n q˚be a Delzant polytope. Up to a translation, we can assume that the normalization convention from Remark 2.2 holds. Via the description p3.1q, the polytope ∆ uniquely defines a set of pairs tpv i , κ i qu iPt1,...,ku . The characteristic map associated to ∆ is defined as
where e i denotes the i-th standard basis vector of t k -R k . The characteristic map is thus a linear map of full rank n. Furthermore, it maps t k Z to t n Z , since the vectors v i are integral. Hence it descends to the respective tori to yield a map T k Ñ T n , which we again denote by π. Let K " ker π Ă T k and denote by k and k˚its Lie algebra and its dual Lie algebra. We get three short exact sequences,
The desired toric manifold pM, ωq arises as a symplectic quotient of pC k , ω 0 q as follows. The moment map
generates the standard T k -action on C k . The inclusion j : K ãÑ T k induces a K-action on C k . The moment map corresponding to this K-action is given by
One can show that 0 P k˚is a regular value of ν and that K acts freely on ν´1p0q.
Thus the conditions for symplectic reduction are satisfied. One can show that the symplectic quotient ν´1p0q{K with its induced symplectic form is the desired toric manifold pM, ωq. We will briefly describe how the moment map µ : M Ñ pt n q˚ defining the toric structure on M is obtained. Combine the symplectic reduction diagram defining M
with the short exact sequence from (3.3) to obtain the commutative diagram
he map µ is the desired moment map. We will show that both µ and µ are welldefined maps. Since ν is defined as j˚˝ν 0 , the composition ν 0˝ι maps ν´1p0q to the kernel of j˚and thus, by exactness of the lower row, to the image of π˚. Since π˚is injective, we obtain a unique map µ : ν´1p0q Ñ pt n q˚with π˚˝µ " ν 0˝ι .
Since ι is K-equivariant and ν 0 is T k -invariant and therefore in particular Kinvariant, we obtain that µ is K-invariant. Since ν´1p0q is a K-principal bundle with base M , this implies that µ factors through M to yield the desired moment map µ defined by the equation
Example 3.5. Let n " 1 and take the Delzant polytope r´1, 1s Ă R -pt 1 q˚. Then k " 2, the outward pointing normal vectors are given by v 1 " p1q, v 2 " p´1q, and the corresponding constants are κ 1 " κ 2 " 1. The characteristic map is π " p1,´1q and furthermore
Since K " ker π " xp1, 1qy, the map j˚is given by projection to the vector p1, 1q and hence
Therefore, the level set ν´1p0q is a 3-sphere on which K -S 1 acts diagonally.
Hence we obtain the Hopf fibration and the quotient is M -CP 1 -S 2 with the K-equivalence classes rpz 1 , z 2 qs K corresponding to the homogeneous coordinates rz 1 : z 2 s on CP 1 .
Lifting symmetries of the moment polytope
Throughout this section, let pM, ωq be a toric symplectic manifold with moment map µ and moment polytope ∆ " µpM q Ă pt n q˚with normalization ş M µω n " 0 P pt n q˚. S ∆ " tσ P Aut Z pt n q˚| σp∆q " ∆u is called the symmetries of ∆.
As discussed in the introduction, there are five toric symplectic del Pezzo surfaces, namely S 2ˆS2 and the blow-ups X 0 , X 1 , X 2 , X 3 of CP 2 . Their moment polytopes and the corresponding groups S ∆ are given in Figure 2 , where D n denotes the dihedral group of order 2n. These groups are readily found by noting that elements of GLp2, Zq preserve the affine length of edges. For example after identfying Aut Z pt 2 q˚with GLp2, Zq, the subgroup S ∆X 0 -D 3 is generated by the matricesˆ´1´1 Let σ P S ∆ . Recall from (3.1) that we can associate a unique pair pv i , κ i q to each facet of ∆ such that ∆ " tη P pt n q˚| xη, v i y ď κ i u. Applying any σ P Autpt n q˚to ∆ yields σp∆q " tη P pt n q˚| xη, pσ´1q˚v i y ď κ i u.
Hence, applying σ to the moment polytope amounts to applying pσ´1q˚P Aut Z t n to its associated normal vectors v i . The hypothesis σp∆q " ∆ along with the uniqueness of the set of pairs tpv i , κ i qu 1ďiďk thus implies that pσ´1qp ermutes normal vectors. In conclusion, there is a permutation on k elements τ P S k such that
Lifted symplectomorphisms. Let ϕ be a compatible symplectomorphism of M . In order to clarify notation, the corresponding homomorphism on T n will be denoted by ϕ T n from now on. It follows from Proposition 2.5 that ϕ descends to a map on ∆. In the following, we will be concerned with proving the opposite direction, namely that symmetries of ∆ can be lifted to symplectomorphisms of M . µ˝ϕ σ " σ˝µ.
Our construction below will shows that ϕ στ " ϕ σ˝ϕτ . Consequently, the symmetries of ∆ yield a subgroup of the symplectomorphisms of M , that we identify with S ∆ . Remark 4.5. The lift ϕ σ of σ is not uniquely determined by (4.4) . Nonetheless, any other ϕ P SymppM, ωq satisfying µ˝ϕ " σ˝µ is closely related to ϕ σ . This will be discussed in Subsection 4.4.
Proof of Lemma 4.3. The main idea of the proof is to view M as a symplectic quotient of C k via Delzant's construction, then to let the permutation τ P S k defined by p4.2q act on C k by permutation of coordinates, and to check that this map descends to a symplectomorphism on M . Recall that the Delzant construction describes the toric manifold M as a symplectic quotient of pC k , ω 0 q by K " ker π ă T k . Let τ P S k be the permutation associated to σ via equation (4.2). Since we have πpe i q " v i , applying pσ´1q˚to t n corresponds to permuting coordinates according to τ on t k , (4.5) pσ´1q˚pπpe i" πpe τ piq q.
Notice that this equation holds on the corresponding tori as well, since all maps involved preserve the corresponding lattices. This leads us to define the following permutations of coordinates
The map Φ is symplectic and compatible with the T k -action,
We will prove that Φ is K-compatible as well. This allows us to apply Proposition 2.9 to the reduction in the Delzant construction, which yields an induced symplectomorphism ϕ σ P SymppM, ωq on the quotient M such that the following diagram commutes
Since Φ is compatible with the full T k -action, it suffices to prove that Φ T k preserves the subgroup K in order to prove that it is K-compatible. The identity 4.5 now reads
Recall that by definition K " ker π and hence
where we have used elementary properties of kerp¨q. This proves that Φ is Kcompatible and therefore that ϕ σ : M Ñ M is a well-defined symplectomorphism.
We now show that the symplectomorphism ϕ σ is compatible with the Hamiltonian T n -action on M and induces the initially chosen symmetry σ P S ∆ on ∆,
Adding all of the above maps to p3.6q we obtain the following commutative diagram.
ince the moment map µ was defined by this diagram, the claim follows. l Example 4.6. Let M " S 2 " CP 1 be equipped with its standard toric structure given in Example 3.5. The moment polytope is ∆ " r´1, 1s and there is only one non-trivial symmetry σ P S ∆ given by z Þ Ñ´z. Since σ exchanges the two normal vectors v 1 " p1q and v 2 " p´1q, the corresponding permutation is the nontrivial permuation on two elements and Φpz 1 , z 2 q " pz 2 , z 1 q. This yields the lifted symplectomorphism ϕ σ prz 1 : z 2 sq " rz 2 : z 1 s on S 2 -CP 1 . When we view S 2 as embedded in R 3 , this symplectomorphism corresponds to the map px, y, zq Þ Ñ px,´y,´zq, which obviously induces σ on ∆. 
4.3.
Lifted antisymplectic involutions. We restrict our attention to the case where σ P S ∆ is an involution and prove Theorem A stated in the introduction.
Theorem 4.8. Let σ P S ∆ be an involution on the Delzant polytope of a toric symplectic manifold pM, ω, µq. Then there is an antisymplectic involution R σ such that
The idea of proof is as follows. By Lemma 4.3, the involution σ lifts to a symplectic involution ϕ σ on M . To make this map antisymplectic, we will compose it with a standard antisymplectic involution R 0 , coming from the toric structure on M , and apply the following remark In order to prove the theorem, we will first construct the antisymplectic involution R 0 on M . This construction is well-known, see for example [9, Definition 2.6] or [16, Section 2.6]. We will prove it for the convenience of the reader and in order to expose its relation to the Delzant construction. Hence, ρ 0 is compatible in the sense of Definition 2.7 and the claim follows from Proposition 2.9, since ρ 0 leaves the moment map ν 0 invariant. l Remark 4.11. In the context of algebraic geometry, the fixed point set Fix R 0 of the above involution is commonly referred to as real locus of the toric variety M . See also [7] for a topological generalization of real toric varieties. Proof of Theorem 4.8. Let σ P S ∆ be an involution of the moment polytope and ϕ σ its symplectic lift to M given by Lemma 4.3. We will show that ϕ σ and R 0 commute and apply Remark 4.9. Recall from the proof of Lemma 4.3 that ϕ σ is induced by a coordinate permutation Φpz 1 , . . . , z k q " pz τ p1q , . . . , z τ pkon C k . Similarly, R 0 is induced by complex conjugation ρ 0 pz 1 , ..., z k q " pz 1 , ..., z k q. Since the maps Φ and ρ 0 commute, the corresponding maps ϕ σ and R 0 on M commute as well. Hence we can define the antisymplectic involution
The compatibility condition p4.13q follows from equations p4.4q and p4.14q. l
The following alternative view of R σ will be used in Section 5. Define
This is a compatible antisymplectic involution. The corresponding group involution is given by
Since ρ 0 T k and Φ T k both preserve K (see equation 4.11), so does ρ T k and hence ρ is K-compatible. By Proposition 2.9, ρ induces an antisymplectic involution R σ on M . By the compatibility of R σ , there is an involutive automorphism R σ T n on the torus such that R σ pt.pq " R σ T n ptq.R σ ppq. This automorphism is related to ρ T k via (4.17) R σ T n˝π " π˝ρ T k . Note that this is a direct analogue of p4.10q.
4.4.
Classification of compatible maps. The lifts constructed in Sections 4.2 and 4.3 are not unique with respect to their respective compatibility conditions. However, any two maps inducing the same symmetry σ P S ∆ on the moment polytope are closely related. We start by a lemma which follows from Proposition 2.5. Symplectomorphisms of the form 4.18 will be denoted by ψ ϑ : M Ñ M . These maps rotate a given fibre µ´1pbq by an angle ϑpbq P T n .
Proof of Lemma 4.13. Let ϕ be a symplectomorphism which leaves the moment map invariant. Hence ϕ preserves the torus fibres, and since T n acts transitively on each fibre, there is a smooth mapθ : M Ñ T n such that ϕ takes the form ϕppq "θppq.p, p P M.
We will prove thatθppq "θpp 1 q whenever p and p 1 lie in the same fibre, and thus ϑ factors through ∆ to yield a map ϑ : ∆ Ñ T n . By (2.5), the symplectomorphism ϕ is T n -equivariant, i.e. ϕpt.pq " t.ϕppq, t P T n , p P M. Now let p, p 1 P M be points in the fibre over b P ∆. Since T n acts transitively on µ´1pbq, there is t P T n such that p 1 " t.p. Using the T n -equivariance of ϕ, we computeθ pp 1 q.p 1 " ϕpp 1 q " ϕpt.pq " t.ϕppq " ptθppqq.p " pθppqtq.p "θppq.p 1 .
Since the action of T n is free on an open dense subset of M , we deduce that ϑppq "θpp 1 q and thusθ is constant on fibres. l Proof. By the construction of ϕ σ , we have µ˝ϕ σ " σ˝µ and hence we can apply Lemma 4.13 to the symplectomorphism ϕ˝pϕ σ q´1 to prove the claim. l Furthermore, ϑ satisfies R σ T n pϑpσpx" ϑpxq´1 for all x P ∆.
Proof. Again, apply Lemma 4.13 to the symplectomorphism R˝pR σ q´1, to prove the first claim. For the condition on ϑ, we use (4.19) and compute, p " RpRppqq " pψ ϑ˝R σ˝ψ ϑ˝R σ qppq " pϑpxqR σ T n pϑpσpxqqq.p.
Since T n acts freely on an open dense set in M , the claim follows. l 
Real Delzant construction
In this section, we describe in detail the real Delzant construction stated in Section 1. Let pM 2n , ω, µq be a toric symplectic manifold with moment polytope ∆ " µpM q. By the Delzant construction (Section 3.2), we can write
where ν is defined as in (3.4) and π : T k Ñ T n is the characteristic map with kernel K " ker π. Let R " R σ be the standard antisymplectic involution on M given by the lift of an involution σ P S ∆ from Theorem 4.8. By Proposition 2.5 there is a group involution R T n of T n satisfying (2.4) . Recall that ρ T k pt 1 , . . . , t k q " pt´1 τ p1q , . . . , t´1 τ pkis the group involution of T k defined in equation (4.16) . Here τ P S k is the permutation satisfying (4.2). By Equation 4.17, we see that π`Fixpρ T k q˘Ă FixpR T n q and thus we can define Definition 5.1. The characteristic map π R associated to L " FixpRq is the group homomorphism defined as the restriction
We write K R :" ker π R " K X Fixpρ T k q and denote its Lie algebra by k R . Recall that ρpz 1 , . . . , z k q " pz τ p1q , . . . ,z τ pkis the antisymplectic involution of C k given in (4.15) .We construct the real analogue of the moment map ν : C k Ñ k˚defined in (3.4) as follows. We define ν R : Fixpρq Ñ pk{k R q˚, ν R pzqrξs kR :" xνpzq, ξy for rξs kR P k{k R .
It follows from Lemma 5.2 below that ν R is well-defined. Recall from Section 4.3 that ρ T k preserves K and hence we write
for the group involution on K with Fixpρ K q " K R . One checks that Fixppρ K q˚q " k R and FixpρKq " kR.
Lemma 5.2. We have xνpzq, ξy " 0 for all z P Fixpρq and ξ P k R .
Proof. Let z P Fixpρq. Using Proposition 2.5, we verify that νpzq " νpρpzqq " pj˚˝ν 0˝ρ qpzq "´pj˚˝ρT k˝ν0 qpzq "´pρK˝j˚˝ν 0 qpzq "´ρKpνpzqq.
Now, for any ξ P k R we see that xνpzq, ξy "´xρK`νpzq˘, ξy "´xνpzq, pρ K q˚pξqy "´xνpzq, ξy, which yields xνpzq, ξy " 0.
We observe that
Since ν´1 R p0q is given by the fixed point set of the involution ρ| ν´1p0q and ν´1p0q is compact, ν´1 R p0q is a closed submanifold of ν´1p0q.
Remark 5.3. In the spirit of the Delzant construction, one can also prove that 0 P pk{k R q˚is a regular value of ν R : Fixpρq Ñ pk{k R q˚. Hence, ν´1 R p0q is a closed submanifold of ν´1p0q of dimension n`dim K R .
Since the map ν is T k -invariant and K acts freely on ν´1p0q, the action of K R on ν´1 R p0q is well-defined and free. As a result, the quotient ν´1 R p0q{K R is a closed manifold. The natural inclusion
induces the well-defined smooth map on the quotients
Recall that M " ν´1p0q{K. Proof. Since ν´1 R p0q{K R is compact, it suffices to show that I and its differential are injective.
Let
Then there is an element t P K such that t.z 1 " z 2 . Applying the involution ρ to both sides, we get ρ K ptq.z 1 " ρ K ptq.ρpz 1 q " ρpz 2 q " z 2 " t.z 1 .
Since K acts freely on ν´1p0q, we conclude that ρ K ptq " t and hence t P Fixpρ K q " K R . Therefore K R z 1 " K R z 2 .
We are left with showing that the differential of I is injective. Notice that
for all z P ν´1 R p0q. In order to prove that the differential of I is injective, it suffices to prove that T z`ν´1 R p0q{K R˘i s a subspace of T z`ν´1 p0q{K˘, which follows from
To prove this identity, consider the following representations of tangent spaces
Claim. Let ξ P k and X " d dt expptξq.z. If ρ˚X " X, then pρ K q˚ξ " ξ. By direct computation, we verify that d dt expptξq.z " d dt expppρ K q˚tξq.z.
Since the action of K on ν´1p0q is free, we have that pρ K q˚ξ " ξ, and so the claim follows.
We are now in a position to prove the main theorem of the paper.
Proof of Theorem B. Since we already know that I : ν´1 R p0q{K R Ñ M is an embedding, it suffices to show that FixpRq " Ipν´1 R p0q{K R q. We prove this claim by double inclusion. Recall from Section 4.3 that ρ is K-compatible with ρ T k , whence R : M Ñ M is given by
RpKzq " Kρpzq for z P ν´1p0q.
Let K R z P ν´1 R p0q{K R . Since ρpzq " z, we have RpKzq " Kz " IpK R zq. This shows that Ipν´1 R p0q{K R q Ă FixpRq, and hence FixpRq is not empty. To prove the other inclusion, let Kz P FixpRq. Since RpKzq " Kρpzq " Kz, there exists t P K such that ρpzq " t.z. We observe that z " ρpt.zq " ρ K ptq.ρpzq " ρ K ptqt.z.
Since the K-action is free, we have ρ K ptq " t´1. Recalling that K is a subtorus, we can chooset P K such thatt 2 " t and ρ K ptq "t´1. Finally, we get
Hence, Kz " Kpt.zq " IpK R pt.zqq. This implies that FixpRq Ă Ipν´1 R p0q{K R q, which completes the proof.
Example 5.5. Consider complex projective space CP 3 with moment map µrz 0 : z 1 : z 2 : z 3 s " 4 }z} 2 p|z 1 | 2 , |z 2 | 2 , |z 3 | 2 q´p1, 1, 1q, where }z} 2 " ř 3 j"0 |z j | 2 . We subtract p1, 1, 1q in order for the normalization ş CP 3 µω 3 " 0 to hold. The moment polytope is the 3-simplex given as the convex hull of the vectors tp´1,´1,´1q, p´1,´1, 3q, p´1, 3,´1q, p3,´1,´1qu.
Let σ P S ∆ be the involution defined by σpx, y, zq " p´x´y´z, z, yq. Its standard lift is given by the antisymplectic involution R σ rz 0 : z 1 : z 2 : z 3 s " rz 1 :z 0 :z 3 :z 2 s.
Using Theorem B, we verify that FixpR σ q is diffeomorphic to RP 3 . Figure 3 describes the fixed point set of σ in the moment polytope ∆ of CP 3 . We take the primitive outward pointing normal vectors of each facet of ∆, v 1 " p0,´1, 0q, v 2 " p0, 0,´1q, v 3 " p´1, 0, 0q, v 4 " p1, 1, 1q, with κ 1 "¨¨¨" κ 4 " 1, and hence π "¨0 0´1 1 1 0 0 1 0´1 0 1‚
.
Since σ˚v 1 " v 2 and σ˚v 3 " v 4 , we obtain two involutions ρ T 4 pt 1 , t 2 , t 3 , t 4 q " pt´1 2 , t´1 1 , t´1 4 , t´1 3 q, ρpz 1 , z 2 , z 3 , z 4 q " pz 2 ,z 1 ,z 4 ,z 3 q.
One can direct check that
Since K R acts by the antipodal action on ν´1 R p0q, we deduce that ν´1 R p0q{K R -RP 3 .
Convexity and Tightness
In this section we shall prove Theorem C. We follow the same setup as in Section 5. Let pM, ω, µq be a toric symplectic manifold with moment polytope ∆ " µpM q. By the Delzant construction, we can write M " ν´1p0q{K. Suppose that R is the antisymplectic involution of M which is the lift of an involution σ P S ∆ , see Theorem 4.8.
We know that Fixpσq " ∆ X tx P t˚| σpxq " xu and that the Delzant polytope is convex. Since the intersection of two convex sets is again convex, so is Fixpσq. Theorem 6.1. We have Fixpσq " µpLq. In particular, L is nonempty and µpLq is convex.
Proof. Let x P µpLq. Then there is an element Kz P M " ν´1p0q{K such that RpKzq " Kz and µpKzq " x. Since R is compatible, we obtain σpxq " σpµpKzqq " µpRpKzqq " µpKzq " x.
This imples that µpLq Ă Fixpσq. Let x P Fixpσq Ă ∆ and let Kz P M with µpKzq " x. We show that there ist P T n such thatt.Kz P L. Note that µpKρpzqq " µpRpKzqq " σpµpKzqq " σpxq " x " µpKzq, and hence there is an element t P T n such that Kρpzq " t.Kz. This follows from the fact that T n acts transitively on fibres. Applying the involution R, we obtain (6.1)
Kz " R T n ptqt.Kz.
Claim. There existst P T n such thatt 2 " t and Kz " R T n ptqt.Kz. The claim is obvious in case t " 1 and thus we assume that t ‰ 1. Denote by S 1 xty the subgroup of T n generated by t P T n and consider the group homomorphism φ : S 1 xty Ñ T n , φpsq " R T n psqs. Since the stabilizer StabpKzq of the T n -action at the point Kz P M is a subtorus and, by (6.1), φptq " R T n ptqt P StabpKzq, we have Im φ ď StabpKzq. If we choosẽ t P S 1 xty such thatt 2 " t, then φptq " R T n ptqt P StabpKzq. Hence, the claim follows.
In order to showt.Kz P L " FixpRq, we verify
This completes the proof.
We denote the set of critical points of f P C 8 pM q by Critpf q. We recall Duistermaat's tightness theorem [10, Theorem 3.1]. Theorem 6.2 (Duistermaat) . Let pM, ω, µq be a compact connected Hamiltonian T n -space. Suppose that R is an antisymplectic involution on M such that µ˝R " µ and L " FixpRq is nonempty. For any ξ P t we have dim H˚pL; Z 2 q " dim H˚pCritpH ξ | L q; Z 2 q.
Our tightness result is a corollary of this theorem.
Proof of Theorem C. The convexity result follows from Theorem 6.1. To prove the tightness, let σ˚denote the transpose of σ P Aut Z pt n q˚. Then σ˚is an involution on t n and for any ξ P t n we can decompose ξ as ξ " ξ 1`ξ2 with σ˚ξ 1 "´ξ 1 and σ˚ξ 2 " ξ 2 . Note that H ξ " H ξ1`Hξ2 . If x P FixpRq, we have xµpxq, ξ 1 y " xµpRpxqq, ξ 1 y " xσpµpxqq, ξ 1 y " xµpxq, σ˚ξ 1 y " xµpxq,´ξ 1 y, which implies
Furthermore, we see that xµ˝R, ξ 2 y " xσ˝µ, ξ 2 y " xµ, σ˚ξ 2 y " xµ, ξ 2 y.
We take the subtorus T 0 j ãÑ T n such that LiepT 0 q " t 0 " tξ P t n | σ˚ξ " ξu, i.e., T 0 is the identity component of Fixpσ˚q. Then the induced T 0 -action on M is Hamiltonian and has moment mapμ :" j˚µ withμ˝R "μ. Since ξ 2 P t 0 by Theorem 6.2 and (6.2) we obtain dim H˚pL; Z 2 q " dim H˚pCritpH ξ2 | L q; Z 2 q " dim H˚pCritpH ξ | L q; Z 2 q.
The following example illustrates that the tightness and convexity do not hold if we drop the compatible condition on the real Lagrangian L " FixpRq. Example 6.3. Consider the two-sphere S 2 equipped with the Euclidean area form. Any embedded loop in S 2 dividing S 2 into two discs of equal area is a real Lagrangian. Pick ξ " 1 P t -R so that µ " H ξ . It is not difficult to find a real Lagrangian L in S 2 such that CritpH ξ | L q consists of four critical points, see One can easily find a real Lagrangian torus L in S 2ˆS2 such that µpLq is not convex. Indeed, let L 1 " FixpR 1 q " tpx,´xq | x P S 2 u be the real Lagrangian in S 2ˆS2 , where R 1 px, yq " p´y,´xq. Note that µpL 1 q " tpξ,´ξq | ξ P t˚u X l with l " µpS 2ˆS2 q. Then one can choose a suitable Hamiltonian diffeomorphism φ on S 2ˆS2 which is compactly supported in µ´1pU 0 q, where U 0 Ă l is a small open set of the origin, such that the antisymplectic involution R :" φ˝R 1˝φ´1 has fixed point set FixpRq " φpFixpR 1whose moment image is wiggled near the origin. See Figure 4b .
Real Lagrangians in toric symplectic del Pezzo surfaces
As an application of our real Delzant construction, we study real Lagrangians in toric symplectic del Pezzo surfaces. Recall that a symplectic del Pezzo surface is one the following symplectic 4-manifolds:
(1) Q :" S 2ˆS2 the product of the 2-sphere pS 2 , ωq, where ω denotes an area form on S 2 , (2) X k :" CP 2 #kCP 2 the k-fold monotone symplectic blow-up of CP 2 for 0 ď k ď 8. Every closed monotone symplectic 4-manifold is one of the symplectic del Pezzo surfaces and that the monotone symplectic structures on del Pezzo surfaces are unique, see [23, Section 1] for the references. The following is an analogue of [12, Lemma 2.3] , which gives a homological obstruction for being Lagrangian in symplectic del Pezzo surfaces.
Lemma 7.1. Symplectic del Pezzo surfaces contain no Lagrangian Σ g for all g ě 2, where Σ g denotes the closed oriented surface of genus g. Furthermore, X 1 does not contain any Lagrangian sphere.
Proof. Let L be an orientable Lagrangian in a symplectic del Pezzo surface X. It suffices to show that χpLq ě 0. Since L is Lagrangian and X is monotone, the homology class rLs P H 2 pM ; Zq satisfies (7.1) c 1 pXqrLs " 0, rLs¨rLs "´χpLq.
The second property follows from the Weinstein neighborhood theorem, which asserts that the normal bundle of L is isomorphic to T˚L, and from dim L " 2.
Case of Q. The first Chern class c 1 pQq is Poincaré dual to 2α`2β, where α " rS 2ˆt ptus and β " rtptuˆS 2 s are generators of H 2 pQ; Zq. Let rLs " aα`bβ for a, b P Z. Then the identities (7.1) become 2a`2b " 0, 2ab "´χpLq, which shows that χpLq " 2b 2 ě 0.
Case of X k for 1 ď k ď 8. Note that c 1 pX k q is Poincaré dual to the class
where H " rCP 1 s and the E j are the classes of the exceptional spheres. Write
This identity can be rewritten as
Since k ď 8 we conclude that χpLq ě 0 also in this case. In order to prove the last statement, note that if L were a Lagrangian sphere in X 1 with rLs " aH´bE 1 , then by the second property in equation p7.1q we would have a 2´b2 "´2. Together with Lemma 7.1 one obtains Table 1 for the candidates of diffeomorphism types except for the cases of RP 2 #RP 2 in S 2ˆS2 and T 2 in X 1 . We are only interested in the symplectic del Pezzo surfaces that have a toric structure, namely S 2ˆS2 and X k for 0 ď k ď 3. By [18, Lemma 4.4] , we can exclude RP 2 #RP 2 in S 2ˆS2 in Table 1. 7.1. Arnold lemma and its application. In order to show that T 2 cannot be a real Lagrangian in X 1 , we employ the Arnold lemma which we now explain. We refer to [1] for details. Let τ be an orientation-preserving involution of a closed oriented manifold X 4 . Assume that the fixed point set Fixpτ q of τ is a closed surface. The involution τ induces the isomorphism τ˚: H 2 pX; Z 2 q Ñ H 2 pX; Z 2 q. We define the symmetric Z 2 -bilinear form Φ τ (called the twisted intersection form) on H 2 pX; Z 2 q by Φ τ pα, βq " α¨τ˚pβq mod 2,
where¨denotes the intersection number. Recall that w P H 2 pX; Z 2 q is called characteristic class (or fundamental class) of Φ τ if Φ τ pw, αq " Φ τ pα, αq for all α P H 2 pX; Z 2 q. Since Φ τ is non-degenerate, there exists a unique characteristic class of Φ τ . Note that the characteristic class of Φ τ vanishes if and only if Φ τ pα, αq " 0 for all α P H 2 pX; Z 2 q. The following is the so-called Arnold lemma, see [1, Lemma 3] for the proof.
Lemma 7.2. The Z 2 -homology class rFixpτ qs Z2 P H 2 pX; Z 2 q represented by Fixpτ q is the characteristic class of Φ τ .
We are ready to prove the following lemma.
Lemma 7.3. Assume that L is a real Lagrangian in X 1 that is diffeomorphic to a closed connected surface. Then L must be non-orientable.
Proof. Let L " FixpRq for some antisymplectic involution R of X 1 . Assume to the contrary that L is orientable, and hence L represents a Z-homology class rLs Z P H 2 pX 1 ; Zq. Using the notations in the proof of Lemma 7.1, we take the generators H and E 1 on H 2 pX 1 ; Zq. Since R is orientation-preserving, R˚preserves the intersection form. Using also that R 2 " id and that R˚rωs "´rωs on H 2 pX 1 ; Zq, one computes that that the induced map R˚on H 2 pX 1 ; Zq is given by R˚"´id. Since R˚rLs Z " rLs Z , we obtain rLs Z " 0 and hence rLs Z2 " 0 as well. Noting that R Z2 " id on H 2 pX 1 ; Z 2 q, the twisted intersection form Φ R is the usual mod 2 intersection form of X 1 . By Lemma 7.2, the characteristic class of Φ R vanishes and so the intersection form of X 1 must be even, which yields a contradiction.
We conclude that there are no real Lagrangian tori in X 1 .
7.2.
Constructions of explicit real Lagrangians. We now explicitly construct real Lagrangians that realize all diffeomorphism types in Table 1 .
Remark 7.4. On every toric manifold M , we can lift the trivial involution σ 0 " id, which yields the natural antisymplectic involution R 0 on M . Its fixed point set corresponds to the real locus, see Proposition 4.10 and Remark 4.11. In particular, the real locus of X k , that is diffeomorphic to # k`1 RP 2 , is the real Lagrangian FixpR id q in X k for each 0 ď k ď 3. There is one non-trivial involution in S ∆ , namely the reflection σpx, yq " py, xq with respect to the diagonal line, see Figure 5 .
Fixpσ 0 q Fixpσq Figure 5 . Involutions on the 2-simplex ∆
We use the real Delzant construction to prove that FixpR σ q is diffeomorphic to RP 2 . Since σ exchanges the normal vetors v 1 and v 2 , we obtain
Observe that
Fixpρq " tpz,z, xq | z P C, x P Ru,
Hence, the kernel of π R is
Therefore ν´1 R p0q is a 2-sphere on which K R acts by the antipodal mapping and hence FixpR σ q -ν´1 R p0q{K R -RP 2 . In fact, it follows from Smith theory that any real Lagrangian in CP 2 (not necessarily compatible with the torus action) is diffeomorphic to RP 2 . Example 7.6. Consider pS 2ˆS2 , ω 0 ' ω 0 , µq, where ω 0 is the area form on the sphere and its Delzant polytope is l :" r´1, 1s 2 " µpS 2ˆS2 q with outward pointing normal vectors v 1 " p1, 0q, v 2 " p0, 1q, v 3 " p´1, 0q, v 4 " p0,´1q and κ 1 "¨¨¨" κ 4 " 1. Hence, π "ˆ1 0´1 0 0 1 0´1˙, K " tpe 2πiα , e 2πiβ , e 2πiα , e 2πiβ qu
We consider the four involutions in S l given in Figure 6 , namely
Involution σ 0 . Since the real locus of S 2ˆS2 " CP 1ˆC P 1 is diffeomorphic to RP 1ˆR P 1 -T 2 , so is FixpR σ0 q.
Involution σ 1 . Since Fixpσ 1 q is a singleton, the corresponding real Lagrangian is given by the Lagrangian fibre FixpR σ1 q " µ´1`p0, 0q˘-T 2 , which is called the Clifford torus in S 2ˆS2 .
Involution σ 2 . We observe that ν´1p0q " pz 1 , z 2 , z 3 , z 4 q | |z 1 | 2`| z 3 | 2 " 4, |z 2 | 2`| z 4 | 2 " 4 ( -S 3ˆS3 .
Since σ 2 exchanges v 1 with v 4 and v 2 with v 3 , we obtain
Fixpρq " tpz, w,w,zq | z, w P Cu, Fixpρ T 3 q " tpt, s, s´1, t´1q | t, s P S 1 u.
Hence, ν´1 R p0q " tpz, w,w,zq | |z| 2`| w| 2 " 4u -S 3 and K R " K X Fixpρ T 3 q " tpt, t´1, t, t´1q | t P S 1 u. Hence the K R -action on ν´1 R p0q can be identified with the Hopf action on S 3 , and we obtain FixpR σ2 q -ν´1 R p0q{K R -S 2 , which is called the antidiagonal sphere FixpR σ2 q " ∆ :" tpx,´xq | x P S 2 u.
Involution σ 3 . Similarly, we have ν´1 R p0q " tpz, x 1 ,z, x 2 q | z P C, x 1 , x 2 P R, |z| 2 " 2, x 2 1`x 2 2 " 2u -T 2 , K R " tps 1 , s 2 , s 1 , s 2 q | s 1 , s 2 P t1,´1uu -Z 2 2 , and hence FixpR σ3 q -RP 1ˆR P 1 -T 2 . Recall that any two embedded loops in S 2 are Hamiltonian isotopic if they divide the sphere into two discs with equal area. Using this, one can easily show that the real Lagrangian tori FixpR σ0 q, FixpR σ1 q, and FixpR σ3 q are (pairwise) Hamiltonian isotopic to each other. Example 7.7. Consider the monotone toric symplectic manifold CP 2 #CP 2 with moment polytope the isosceles trapezoid ∆ depicted in Figure 7 . Then we have v 1 " p´1, 0q, v 2 " p0,´1q, v 3 " p1, 1q, v 4 " p´1,´1q and κ 1 "¨¨¨" κ 4 " 1. Note that π "ˆ´1 0 1´1 0´1 1´1˙, K " tpe 2πiα , e 2πiα , e 2πipα`βq , e 2πiβ qu,
There is only one non-trivial involution on ∆, namely σpx, yq " py, xq. We show that FixpR σ q -RP 2 #RP 2 using the real Delzant construction. Observe that ν´1p0q " ! pz 1 , z 2 , z 3 , z 4 qˇˇ|z 1 | 2`| z 2 | 2`| z 3 | 2 " 6, |z 3 | 2`| z 4 | 2 " 4
) .
The involution σ acts on ∆ by exchanging v 1 with v 2 and leaving v 3 and v 4 invariant, whence
Fixpρq " tpz,z, x, yq | z P C, x, y P Ru, Fixpρ T 4 q " pt, t´1, s 1 , s 2 q | t P S 1 , s 1 , s 2 P t1,´1u ( -S 1 ' Z 2 2 . We obtain ν´1 R p0q " tpz,z, x, yq | 2|z| 2`x2 " 6, x 2`y2 " 4u -T 2 , K R " tp1, 1, 1, 1q, p´1,´1,´1, 1q, p1, 1,´1,´1q, p´1,´1, 1,´1qu -Z 2 ' Z 2 .
We claim that the quotient map
is a 4-fold covering of the Klein bottle RP 2 #RP 2 . This follows from Table 1 . To see this explicitly, we first identify ν´1 R p0q with the torus T 2 obtained by the product of two circles, namely S xy :" tx 2`y2 " 4u and S z :" t2|z| 2`x2 " 6u.
Note that S z varies depending on x. We obtain the identification in Table 2 . Using this, we see that the quotient map above is a 4-fold covering of RP 2 #RP 2 as desired, see Figure 8 .
p´1,´1,´1, 1q antipodal map y-axis reflection p1, 1,´1,´1q id antipodal map p´1,´1, 1,´1q antipodal map x-axis reflection Table 2 . Each element in K R is identified with the composition of the two corresponding maps.
Example 7.8. Consider the monotone toric symplectic manifold CP 2 #2CP 2 with moment polytope ∆ given on the left in Figure 9 . Since the real locus of CP 2 #2CP 2 is diffeomorphic to # 3 RP 2 , the standard antisymplectic involution R 0 yileds the real Lagrangian FixpR 0 q -# 3 RP 2 . We claim that the real Lagrangian FixpR σ q associated to the involution σpx, yq " py, xq is diffeomorphic to RP 2 . To see this, recall that by Example 7.5 the real Lagrangian FixpR σ2 q in CP 2 is diffeomorphic to RP 2 . Since the blow-ups of CP 2 were performed away from the real Lagrangian FixpR σ2 q, we deduce that FixpR σ q -RP 2 . Figure 9 . Monotone two-fold blow-up of CP 2 Example 7.9. Consider the three-fold monotone blow-up of CP 2 as in Figure 10 . Then we have v 1 " p1, 0q, v 2 " p0, 1q, v 3 " p´1, 0q, v 4 " p0,´1q, v 5 " p1, 1q, v 6 " p´1,´1q, κ 1 "¨¨¨" κ 6 " 1.
We exhibit the real Lagrangians corresponding to the four involutions,
Involution σ 1 . Since Fixpσ 1 q is a singleton, we have FixpR σ1 q " µ´1`p0, 0q˘-T 2 .
Involution σ 2 . Note that the moment polytope of CP 2 #3CP 2 can be seen as the polytope obtained by two fold blow-up of S 2ˆS2 . Since the real Lagrangian in S 2ˆS2 corresponding to the antidiagonal line in the polytope l is diffeomorphic to S 2 and the blow-ups are performed away from it, we obtain that FixpR σ2 q -S 2 .
Involution σ 3 . In a similar vein, since the real Lagrangian in the one point blow up X 1 of CP 2 , corresponding to the diagonal line, is diffeomorphic to RP 2 #RP 2 , so is FixpR σ3 q -RP 2 #RP 2 .
(a) #4RP 2 (b) T 2 (c) S 2 (d) RP 2 #RP 2 Figure 10 . Three-fold monotone blow-up of CP 2
